A superposition method to construct a general solution of the equations of the theory of elasticity as a sum of two solutions obtained by a method of initial functions in the form of trigonometric series is considered. The algorithm to get the main relation of the method of initial functions is introduced. Possibilities of the system of analytical calculations Maple for the implementation of some aspects of this algorithm are shown. The results of analyses of a console rectangle is presented.
Introduction
The famous french mathematician Lamé in the 19th century proposed to build a general solution for the elastic rectangular parallelepiped in Cartesian coordinate system as the sum of three solutions [1] . Each solution should meet the boundary conditions on one of the pairs of opposite faces of a parallelepiped. In the case of a two-dimensional problem of elasticity theory, the parallelepiped becomes a rectangle and in the general solution it is enough to have two solutions each of which can meet the boundary conditions on one of the two pairs of opposite sides of the rectangle. Such an approach was used in [2, 3, 4] for the study of stress-strain state of an isotropic elastic rectangle with force boundary conditions on its sides. The authors used two solutions obtained by the method of vector eigenfunctions [5, 6] and boundary conditions different from the force ones they were not considered. In this paper the general solution is composed as a sum of two solutions obtained by the method of initial functions (MIF) [7, 8, 9, 10, 11] . This solution is analytical and presented in the form of two trigonometric series with unknown coefficients, and can be used to satisfy not only force boundary conditions but also kinematic and mixed ones. It should note that analytical approches becomes popular in various scientific [12, 13, 14, 15] and engineering [16, 17, 18, 19, 20] domains of investigation due to the wide spread of the systems of analytical calculations (Maple, Mathematica etc.) in modelling processes and structures. In this paper we'll present not only the technique of solving by the superposition method the problems of the theory of elasticity but also its implementation with Maple.
Method of initial functions
The MIF can be used to solve boundary problem for systems of equations in partial derivatives. Its main idea consists in representation of all unknown functions as a linear combination of initial functions defined on any of the coordinate surfaces.
The greatest popularity it received in solving boundary problems of elasticity theory but its popularity decreased by the end of the 20th century due to its biggest drawback -the inability to satisfy the boundary conditions on all surfaces (faces) of the body of canonical form. It can satisfy boundary conditions only on two opposite faces.
In this paper this method will be used in the superposition method to get two solutions each of which can satisfy boundary conditions on two pairs of opposite sides of an isotropic elasticity rectangle. The sum of these solutions can satisfy boundary conditions on all four sides of the rectangle.
For a plane problem of theory of elasticity in Cartesian orthogonal coordinates Oxy the MIF enables to express components of the stress-strain state of the linearly elastic rectangle through the initial functions -two displacements u, v and corresponding stresses determined on the initial line x = 0 or y = 0. It allow to meet boundary conditions on two opposite sides of the rectangle x ∈ (0, h), y ∈ (0, a) if the initial functions are taken as Fourier series on trigonometric functions sine and cosine with periods 2h or 2a.
Defining MIF operators
We'll show an algorithm for obtaining the MIF solution on the example of the solution that enables to meet any boundary conditions on the sides x = 0, h of the rectangle.
The equilibrium equations in displacements (Lamé equations) for plane elasticity problem in a Cartesian orthogonal coordinate system Oxy in the absence of mass forces for an isotropic body can be written in a matrix-operator form as
where w = {u (x, y) , v (x, y)} is a column vector of displacements respectively along the axes Ox and Oy and W = 2∂
is a matrix of operators. Symbols ∂ x and ∂ y denote differential operators with respect to the variables x and y. The generalized Hooke's law for a plane problem of linear elasticity for an isotropic continuum for plane stress state is
Here σ = {σ x , τ xy , σ y } is a column vector of stresses, ε = {ε x , ε y , γ xy } is a column vector of strain components,
, E is the Young's modulus of elasticity and ν is the Poisson's ratio. Following one of the algorithms of the MIF [21] the equations (1) are considered as ordinary differential equations with respect to the variable x with symbolic parameter ∂ y . Then the solution of these equations is sought in the form of linear combinations of the initial functions u
Here L ij (∂ y , x) (i = 1, 2, j = 1, . . . , 4) are unknown MIF operator-functions. Substituting (3) to (1), grouping the terms at the corresponding initial functions and taking into account their independence and arbitrariness leads to the four systems of differential equations for the unknown operator-functions
The systems (4) are solved with the initial conditions for the MIF operatorfunctions
The values for its first derivatives with respect to the variable x are determined using the representations of the components of the stress tensor through the displacements
Evaluating first two equations at x = 0 and taking into account the representations (3) of the displacements through the initial functions the values of the derivatives of the MIF operators with respect to the variable x at the initial plane x = 0 are obtained as
The set of the Cauchy problems can be solved using the classical approach with calculation the roots of the characteristic equation, building the general solution of the system of differential equations (4) and defining arbitrary constants in this solution for meeting the initial values (5), (7) . It could be a long process with fixing possible errors but with the help of Maple the system of differential equations with different initial conditions is solved basically with a single command dsolve(). It has two parameters. The first one is a set whose elements are two differential equations of the system (4) and the initial conditions (5), (7) and the second one is a list of unknown functions. A function call in Maple is presented below
Here L11(x), L21(x) are the identifiers for the MIF operator-functions L 11 , L 21 and the symbol dy corresponds to the partial differential operator ∂ y . The result of executing these Maple operators are the explicit form of the above MIF operator-functions as follows
The other MIF operators can be received in a following form when solving the system (4) with the appropriate initial values (5), (7)
(9) Substituting the expressions of displacements as linear combinations of the initial functions in the representations (6) the stress components can also be expressed as linear combinations of the initial functions.
Implementation of the MIF operators
To calculate values of the components of the stress and strain state using the MIF solution (3) we need to choose the explicit form of the initial functions depending on the boundary conditions at the initial line x = 0.
Selecting the initial functions in the form of Fourier series on trigonometric functions with a period 2a allows us to approximate any boundary conditions on a face x = 0 of the elastic rectangle 
To get an implementation of the MIF operators (values of the MIF operators) (9) on the initial functions (10) it should know results of their implementing on trigonometric functions sin mπy a and cos mπy a . Moreover the analysis of the form of the MIF operators shows that it is necessary to get the values of only few transcendental operators: sin (∂ y x), ∂ y sin (∂ y x), sin (∂ y x) /∂ y , cos (∂ y x), ∂ y cos (∂ y x).
To do this it should expand a transcendental operator into a power series, evaluate derivatives of the corresponding orders and then sum the obtained power series, and Maple help in this complex job. Below a piece of a program that calculates the value of the MIF operator sin (∂ y x) on the function sin mπy a is presented # the operator-function ff:=sin(dy*x): # evaluating the derivative of n-th order # of the operator-function at the x=0 pd:=(eval(value(Diff(ff,x$n)),x=0)); # substituting operator diff instead of the symbol dy pd:=subs(dy^n=Diff(f,y$n),pd); # evalute the derivative of the function sin(alpha*y) pd:=value(subs(f=sin(alpha*y),pd)); # an impact of the operator-function (as the Taylor series) # on the impacted function 'sin(dy*x)[sin(alpha*y)]'= simplify(expand(sum(eval(pd,n=i)/i!*x^i,i=0..infinity)));
The result of execution of this piece of code is as follows
Here we can see the imaginary unit i = √ −1 in the resulting expression made by Maple. Using the known relations 
The MIF solution
If all initial functions are known then all components of a stress tensor and displacements in any point of the elastic rectangle can be defined using (3), (6) .
In the real problems only two initial functions are defined from the boundary conditions given on the sde x = 0. But two unknown ones may be determined as a solution of a set of linear algebraic systems of second order for unknown coefficients in their Fourie series. These systems are formed using the boundary conditions on the opposite side x = h. Let the following boundary conditions are defined: on x = 0 and x = h the stress σ The MIF solution through trigonometric functions (10) can be used to analyze an elastic rectangle but it has a main disatvantage: it's not possible to satisfy arbitrary boundary conditions on the sides y = 0, a of the rectangle because the solution has no sufficient functional arbitrariness. Nevertheless the pure MIF solution is used nowdays [22, 23, 24] to solve some problems.
The system (12) becomes ill-conditioned when harmonic m is increased that leads to the accumulation of rounding errors and incorrect calculations in the areas remoted from the initial line x = 0. Some techniques were developed to avoid this problem [11, 25] .
The simplest way to avoid such a behavior is performing the calculations with the mantissa of a certain length which depends on the geometric characteristics of a rectangle. And again the Maple can help us. It has a special variable Digits which is responsible for the length of the mantissa when performing calculations. 
GENERAL SOLUTION IN A RECTANGLE

Superposition method
The idea of constructing a general solution of the equations of the elasticity theory is rather simple: a sum of two solutions each of which can satisfy the boundary conditions on two opposite sides of a rectangle allow to satisfy arbitrary boundary conditions on all four sides of the rectangle. Now this technique is known as a superposition method and is used not only for twodimensional problems [2, 3, 26, 27] but also to the three-dimensional ones [28] .
Above we presented an algorithm for constructing the MIF solution in the case of defining the initial functions on the initial line x = 0. Let us introduce the vector of displacements and stresses U = {u, v, σ x , σ y , σ xy }. The MIF solution when the initial functions are in the form of Fourier series with unknown coefficients we will denote as a vector U 1 . We can construct another MIF solution when the inintial functions are defined on the initial line y = 0 and selecting the initial functions in the form of Fourier series on trigonometric functions with a period 2h
This solution we will denote as a vector U 2 . Every of these two solutions can satisfy the arbitrary boundary conditions on the two opposite sides of the rectangle: U 1 on the sides x = 0, h and U 2 on the sides y = 0, a. Now we can construct a general solution U of the elasticity equations in the rectangle according to the superposition method as
This solution has infinite number of unknown coefficients a j m and b j n (m, n = 0, . . . , ∞, j = 1, . . . , 4) which can be found using the boundary codititions given for a specific problem. To build a system of linear algebraic equations for finding these coefficients it is necessary to express state and state components required on the boundary sides of the rectangle using the general solution (13) . Then it should expand them in trigonometric series and equate their harmonics received to corresponding harmonics in the Fourier series expansion of boundary condition components. So the infinite system of algebraic equations will be built. To solve it a reduction method is used [29] . A series of computer experiments is used to determine the number of unknowns left in an infinite system to get satisfactory results.
Numerical results
An analyses of isotropic (E = 2 · 10 5 MPa, ν = 0.3) console rectangle with the length a along the axis Oy and the height h = a/3 along the axis Ox has been performed. The origin of the coordinate system is at the upper left corner of the rectangle, the axis Ox is directed downwards and the axis Oy is pointing to the right. The boundary conditions are follows x = 0 : σ x = q 0 Pa, τ xy = 0 and x = h : σ x = 0, τ xy = 0 y = 0 : u = 0, v = 0 and y = a : σ y = 0, τ xy = 0
It should note that the method developed satisfies exactly the boundary conditions with the exception of the corner points of the sealing cross-section where the horizontal deflection v are not equal exactly to zero and at the corner points of the free vertical end the normal stress σ y is not too equal to zero (Fig. 1, a) . Fig. 1 , a shows the graphs of dimensionless normal (bending) stresses σ y = σ y /q 0 in sections y = a(i − 1)/4, i = 1, . . . , 5. The graph 1 presents distribution of the bending stress at the sealing section (y = 0) and we should note that the character of its changing isn't a straight line. The graph 5 presents changing of the bending stress through the free edge (y = a).
We can see that this stress is almost zero except the corner points because of the slow convergence of the Fourier series in the neighborhoods of these points. The dimensionless shear stresses τ xy /q 0 in sections y = a(i − 1)/4, i = 1, . . . , 5 are presented in the Fig. 1, b . At the sealing section (y = 0) this stress has two maximum values near the corner points.
On Fig. 2 , a the graphs of dimensionless normal stress σ x = σ x /q 0 and vertical displacements u = uE/q 0 h in the cross-sections x = h(i − 1)/4, i = 1, . . . , 5 are presented. The vertical displacements (Fig. 2, b) of each horizontal section are almost identical except the neighborhood of the sealing.
Conclusion
The presented results of using of the system of analytical calculations Maple to construct the general solution of the equations of elasticity theory in rectangular area have shown its effectiveness. The values of the MIF-operators on the various functions can be evaluated without errors in comparison if calculations were made on a piece of paper. The possibility of calculations in Maple with a long mantissa makes it easy to get around the problem of computational instability. In conclusion, we should add that the proposed superposition method on the base of two solutions of the MIF has been successfully applied to analyze plane structures of complex geometry [30, 31] .
